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3-1 Congruent Triangles 


Automobiles are 
manufactured using assembly 
line production. The parts 
that are produced must be 
identical in size and shape so 
that they can be used in any 
car on the assembly line. 
Replacement parts must also 
be identical. In geometry, 
figures that have the same 
size and shape are called 
congruent. 


In geometry we need a useful definition to help us decide when two 
figures, such as AABC and ADEF, are congruent. 

A tracing paper test can be used to show that AABC is probably 
congruent to A DEF (based on the pictures shown). This test can help us 
understand the usual definition of congruence. 


Trace AABC. If you can slide, turn, or flip over the paper 
so the tracing fits on ADEF, the triangles are 
probably congruent. 
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Consider the tracing test again. If we FE. 

highlight each vertex with a special symbol 7 

we see that the vertices of the two triangles s 

correspond as shown. The angle 

correspondence is also determined. E 
AoD Aa ZD 
BoE ZBaZE 
CeoF LC a LF 

vertex correspondence angle correspondence 


If we highlight each side with a special 
mark, we see that the sides correspond as 
shown. 


In this tracing test we observe that 

4B = DE 

BC & EF 

AC = DF 

side correspondence 
Definition 3-1 
Whenever we can “fit” one triangle onto Two triangles are congruent if there is a 

the other so that all the matching parts are correspondence between the vertices such that 
congruent, we have a special kind of each pair of corresponding sides and angles are 


correspondence called a congruence. To show congruent. Note that we can define congruence for 
this congruence we write AABC = ADEF. other figures in a similar manner. 


The diagram shows how this 
statement about the congruent triangles 
provides specific information about the J | 
corresponding parts (angles and sides). iN 
A 2 (F 
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EXERCISES 


A. 


Which of the following pairs of figures are congruent? (You may 
want to use tracing paper.) 


In exercises 5-8 select the correct statement. (Use tracing paper if 
needed.) e 


B 
5. EB 6. 


ie F 
. AABC = ADEF 
AABC = ADFE 
. AABC = AFED 


a. AABC = ADEF 
b. AABC= AEDF 


sp 


P 
a 
5 
fo 
I 
& 
a 
iw} 
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G 
B 
a B D E 8. 
A 
Cc 
Hf ia 

A Cc D 
a. AABC = ADEF te a. ABCD = EFGH 


b. AABC = AEFD b. ABCD = FGHE 
ce. AABC = AFDE c. ABCD = GHEF 
d. ABCD = GFEH 


9. Given that AABC = ADEF, select the false 
statement in each part. 


a. AC= DF, B= ZE, BC=DE, 4C= ZF 
b. AB= ED, A= /D, £C= £F, AB = EF 
c, AB = DE, BC= FE, 2C = £D, AC=DF 


3-1 


A 
10. Given that AUVW = AXYZ, complete 
the congruences for the six pairs of 
corresponding congruent parts. 
w 
a 2 
b. 2 
(5 [a Zz 
d. 2 
a > U Vv 
fi 2 
I. Given that ACAT = ADOG, write the D 
congruences for the six pairs of 
corresponding congruent parts. 
A 
In each of exercises 12 and 13 there are two correct congruence 
statements. Find them, 
12. C 13. 


a. AABC = ADEF 
b. AABC = AEFD 
c. AABC = AFDE 
d. AABC = AEDF 


a. ABCD = EFGH 
b. ABCD = FGHE 
ce. ABCD = GHEF 
d. ABCD = FEHG 


14. Given that APRS = AJKL write three congruence 
statements about angles and three congruence statements 


about sides of the triangles. 


Congruent Triangles 87 


D 


y 


F 


(Ex. 10) 


(Ex. 11) 
G 


(Ex. 9) 
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15. Given these six congruence statements, complete correctly the 
statement about congruent triangles. 


16, Given that AABC = ADEF, wo of the following 
congruence statements between triangles are also true. 
Which two? 

a. ABCA = AEFD b. AACB = AEFD 
ce. ACBA = AFDE d. ACAB = AFDE 

17. When a locksmith cuts a new key three arbitrary 
points A, B, and C on the surface of the given key 
correspond to three points 4’, B’, and C’ on the new key. 
How does AABC relate to AA’B’C? 


18. Write a congruence statement for each pair of congruent 
triangles. 


F 
G 
i SS = E 7 
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= Activity 


Every triangle, like AABC, has six parts. There are three 
sides (a, b, and c) and three angles (4A, 4B, and £C). 
1. Suppose you are allowed only to open your 
compass to the lengths of the three sides when 
needed. Construct a triangle congruent to AABC. 


2. Suppose you are allowed only to open your 
compass to the length of side c, side b, and to copy ZA. 
Construct a triangle congruent to AABC. 

3. How many other combinations of three of the six parts will 
allow you to construct a triangle congruent to AABC? 
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19. If AABC is an equilateral triangle, we can 0) 
write AABC = ABCA. There are five 
more congruence statements that can be 
written, Write them. 


A B 


Each figure below contains one or more pairs of congruent 
triangles. Sometimes the triangles “overlap” each other. Write a 
correct congruence statement for each pair you find in a figure. 


R S 
20. K 2. 8 G 22. 
Ub ; \ oS \ 
; A D if w 
P o i S 
23. Cc 


24, 
D G 
v 
\ 
Z ez 
A B 


PROBLEM SOLVING 


1. Which pairs of figures are identical? 

cop éD arp iD 
: - — ap eh 
2. Trace figure a and label points where segments intersect. Can you find six 


pairs of congruent triangles (each involving different sized or shaped 
triangles) and write the correct congruence statements? 
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3-2 Congruence Postulates 


Suppose a carpet layer needs to repair a 
carpet with a triangular patch. It is not likely 
that all three sides and all three angles would 
be measured in order to cut out the patch. 
Only a few of these measurements are 
needed. In this lesson we shall discuss how 
many and which combinations of the six 
parts of a triangle (sides a, b, c and angles 
A, B, C) are needed to determine a particular 
size and shape of a triangle. 

First, we state some ideas that will be 
useful in our work with congruent triangles. 


(oy 
A : B A - A = B 


An angle and the side opposite Two sides include an angle if Two angles include a side if the 
the angle are labeled with the the vertex of the angle is an endpoints of the side are 
same letter—the angle with a endpoint of both sides. vertices of the two angles. 


capital letter, and the side with 
a small letter. 


If you construct a triangle given three of the six parts, you find that the 
size and shape of the triangle is completely determined when you are given 
the following information. 


7 e Tae 
65 a 
A A “2 


c¢=40mm c=40mm c= 40mm 


1. Two sides and an 2. Two angles and the 3. Three sides. 
included angle. included side. 


The marks on the triangles 
indicate which sides and 
angles are congruent. 


From this we obtain the following three congruence postulates. 


We believe that only one 
triangle can result if two 
sides and the included angle 
are given, so we accept this 
postulate. 


We believe that only one 
triangle can result if two 
angles and the included side 
are given, so we accept this 
postulate. 


We believe that only one 
triangle can result if three 
sides are given, so we accept 
this postulate. 
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SAS Congruence Postulate 


If two sides and the included 
angle of one triangle are 
congruent respectively to two 
sides and the included angle of 
another triangle, then the two 
triangles are congruent. 


ASA Congruence Postulate 


If two angles and the included 
side of one triangle are 
congruent respectively to two 
angles and the included side of 
another triangle, then the two 
triangles are congruent. 


SSS Congruence Postulate 


Tf all three sides of one triangle 
are congruent respectively to all 
three sides of another triangle, 
then the two triangles are 
congruent. 


The definition of congruent triangles shows six pairs of parts should match. 
But these three postulates suggest that sometimes we need to check only 
three of these pairs to be sure we have a congruence. We will use these 
postulates to prove additional theorems about triangles. 
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EXERCISES 


A. 
1. Which of these triangles is not labeled correctly? 


e 
G w Ae 
ne : Oi : = 
4 - BU — vow = 


2. Which of these triangles is labeled correctly? 


Cc wh y 
A 5 B XxX: y Yy A 
3. Draw a triangle and label its angles and sides using the 
standard method of labeling. 
For each pair of sides (or angles) state the included angle (or i 
side). 
4, AB and AD 5. BD and BC 
6. ZA and £C 7. ZABD and ZADB 
8. AD and BD 9. BD and CD A D Cc 
10. ZABC and ZC (Exs. 4-10) 


By which of the three congruence postulates (SAS, ASA, SSS) 
are these pairs of triangles congruent? (Assume the congruences 
are as the markings indicate even though the triangles may not 
look congruent.) 


get = 
pa py 
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In exercises 15-22 the congruent parts of the triangles are 
marked. State whether or not there is enough information to 
decide if the triangles are congruent by the SAS, ASA, or SSS 
postulate. If they are congruent, state the postulate. 


15. 16. 


17. 18, 


AN 
“A 
p 


21. 


In exercises 23-27 tell whether or not the triangles are congruent. 
If they are congruent, tell which postulate (SAS, ASA, SSS) can 
be used to verify this. 


Q 


23. Given: PO 
24. Given: PR 
25. Given: 2P= 2X, R= ZZ, PO z 
26. Given: 20 = ZY, ZR= £Z, OR= YZ. 


27. Given: 2P=> 4x, LO] ZY, CR= ZZ. iz R 


= XY, OR = YZ, PR = 
XZ, RO=ZY, ZR= LZ. 


V 
4 


(Exs, 23-27) 
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28. Use the idea of the SSS postulate to B 
construct a triangle congruent to AABC. 


aK 29. Use the idea of the SAS postulate to 
construct a triangle congruent to AABC. 


ay 30. Use the idea of the ASA postulate to 
Exs. 28- 
construct a triangle congruent to AABC. Z c (sae 


31. A team of surveyors want to find the distance AB across a 
lake. One method requires the construction of a pair of 
congruent triangles. They select any point C, measure 
ACB, and locate a point D so that ZACD = ZACB 
and CD = CB. Why are AACD and AACB congruent? 
How does this help find the distance across the lake? 


Ae CUAL AR ALEIS oth OLE 2 shh, 


= Activity 


Make cardboard copies (at least three times the size) of the six pentominoes 
shown, (A pentominoe is a polygon which bounds five squares on a checker 
board.) 


at. 


Arrange them to form a pair of rectangles identical in size and shape. 


3-2 Congruence Postulates 


exercises 32-37 write a congruence statement for each pair of 
ongruent triangles. Also state whether the triangles are congruent 
by ASA, SAS, or SSS. (Note: Use the idea that a segment is 
gruent to itself and an angle is congruent to itself.) 


95 


B 
B é 33. 
A C 
D 
D 
A 35. 
B Cc 
Dd vz 
A Cc A D 
ShB 
Cc B 
D. 
B 
z D 
A 
A (oh 
How many ways can a 3 x 3 x 3 cube be positioned in a cube of dimension 
4 x 4 x 4? How many 2 x 2 x 2 or 1 x 1 «1 positions are possible? 
Complete the table. 
cube | number of positions 
size | ina4 x4 x 4 cube 


@ 


3x3 x* 3 cube 2x 2x2 cube 
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3-3 Proofs: Using the 
Congruence Postulates 


To prove two triangles congruent, we begin REVIEW: Affirming the hypothesis is a pattem: 


with given information and use patterns of of reasoning represented as follows: 
deductive reasoning to conclude that they are Whenever p — g is true 

indeed congruent. Affirming the hypothesis is and p is affirmed to be true, 
the pattern most often used, as described 5 

below we can conclude: q is true. 


The SSS Postulate has the general form: 


all three sides of one triangle are 
If congruent respectively to all three then 
sides of another triangle, 


the two triangles are 
congruent. 


P 


q. 
B Y 
Now we look at a specific application of this 
statement: / SS / S 
A Cc xX Z 


We observe that all conditions stated in Pp are satisfied, that is, p is true. We 
have affirmed the hypothesis. Therefore we can conclude: q is true. 
Applying this to our specific case, AABC = AXYZ. 

It is helpful to organize our thinking by writing the above proof in two 
columns. The left column is used for statements that lead to the desired 
conclusion. The right column gives reasons why the statements are true. 


Given: AB = XY 


B 4 
BC= YZ 
= XZ 
Prove: AABC= AXYZ A Cc xX vA 


Statements 


1. Given 
2. Given 
3. Given 
4. SSS Congruence Postulate 


AC=XZ 
. AABC = AXYZ 


Fae os ba oe 
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ere are two more examples of simple proofs that two triangles are 
gruent. Notice the use of affirming the hypothesis. 


— — C zZ 
le 1 Given: AB = XY 
LA= LX 
ABS LY 


Prove; AABC = AXYZ 


Statements 


1. AB= XY 1. Given 
2 LA=LX 2. Given 
3,24B=2Y 3. Given 


4, AABC = AXYZ 4. ASA Congruence Postulate 


M 
Example 2 Given: MN = MP 
241=22 
Prove: AMNO = AMPQ 
N 7) P 
Proof 
Statements Reasons 

1, MN = MP 1. Given 
2 21s 42 2. Given 
3. MO~ MO 3. A segment is congruent to itself. 
4, AMNO = AMPO 4, SAS Congruence Postulate 


(Note: Sometimes, as in Step 3, a common side of two triangles is 
involved, The idea that “a segment is congruent to itself” can be used 
to get a second pair of congruent sides needed to affirm the 
hypothesis of the SAS congruence postulate. This idea will be 
discussed further in Chapter 4.) 
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EXERCISES 
A. 


Prove the following triangles congruent by writing a two-column 
proof. Model your proof after the examples on page 97. 
1. Given: AC = DF c zx 
AB=DE 
4A 
Prove: AABC = ADEF 
2. Given: RS = KL 


Prove: ARST ~ ALK] R eee Z 


3. Given: 4D= 2X F K 


Prove: AABC = AAED 


= Activity 


Make large copies of these pentominoes (figures made of five squares) and 
arrange them into a pair of rectangles identical in size and shape. 


a a 
eLPFuy 


. Given: 41 = £2 
L3= 44 
Prove: AABD = ACDB 


7. Given: HI = KT 


Tam 
Prove: AHI] = AKIL 
H K 


9, Given: AC = BD 
ZA=ZD 
LACE = ZDBF 
Prove: AACE = ADBF 


10. Given: AC = BD, AE = DF 
ZA=2ZD 
Prove: ACAE = ABDF 


Il. Given: 2A = 20, AB= BC 
Prove: ACBE= AABD 
12, Given: 2 BDA = 2 BEC 
BD=BE 
Prove: ABDA = ABEC 


think can be made into a cube by 
folding along the edges and taping? 
How many other patterns of six 
squares that will fold to make a cube 
can you draw? 


PROBLEM SOLVING 
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6. Given: DE = DF 
EH = HF 
Prove: ADHE = ADHF 
E 
A D 
F 


8. Given: AB = CD 


41= 242 
Prove: AABD = ACDB 
A 
B D 
Cc 
E 
(a 
77 D 
F (Exs. 9, 10) 
Cc 
D. 
B 
E (Exs. 11, 12) 
A 


Which of the following patterns do you 


re re 
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3-4 Proofs: Using Definitions 


REVIEW: Two lines are 
perpendicular if they intersect 
to form congruent right angles, 


geometry Fila: 
What ap Ge ‘om @try) 


acorn ss 
when it =<" SE | 


pol’ y-gon (polt-gon) 
A parrot that 


SrOWs up YS 
RY 


The definition of perpendicular lines (above) and the definitions of angle 
bisector, midpoint, segment bisector (p. 24), and perpendicular bisector 
(p. 29) are often used in making proofs. 

Consider the following example of affirming the hypothesis (p. 64). 


A 
p— gq: Ifa ray bisects an angle, 
then the two angles formed are congruent. 
p: AC bisects 2 BAD. 

Therefore 
conclude g: Z1= 42 B 1 D 

The short proof above is shown below using a two-column 
arrangement. A 
Given: AG bisects / BAD 
Prove: 41> 42 
Proof a 4 a 


Reasons 


1. AG bisects 2 BAD. 
2 L1= 22 


1. Given 


2. Definition of angle bisector 
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following short proofs show how the definitions of midpoint, 
and perpendicular lines are used. Study each proof. 
le 1 A 


=: C is the midpoint of BD. 
e: BC= CD 


B C D 
1, Given 
2. Definition of midpoint 
— ; 4 —_ B 
en: AC is the perpendicular bisector of BD. 
ve: C is the midpoint of BD. 
Cc A 
Reasons 
AC is the perpendicular 1. Given D 
bisector of BD. 
2, Cis the midpoint of BD. 2. Definition of perpendicular 
bisector 
Example 3 B o D 


Given: ACL BD 
Prove: ACD = ZACB 


Proof 


1, AC 1 BD 
2, ACD = £ ACB 


1. Given 


2. Definition of perpendicular 
lines 
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EXERCISES 
A. 


In exercises 1-8 use one of the definitions reviewed in this 
section to draw a conclusion from the given. 


1. Given: XM bisects 2 ZXY. 2. Given: RM 1 TU 


vi M 
3. Given: N is the midpoint of AB. 4. Given: AC and BD bisect each other. 
D ec D Cc 
A ea B eX B 
5. Given: SV is the perpendicular 6. Given: DB bisects 2 EDF. 


bisector of PQ. 


Ss R 
7. Given: T is the midpoint of OS. 8. Given: KM is the perpendicular bisector 
0 of JL. ra 
P R if L 
Ss M 


=Activity 


Make enlarged copies of these ten pentominoes and put them together to form a 
pair of squares identical in size and shape. 


=o] Gy 
Ball of pp op 


9. Given: BD bisects 2 ADC. 
Prove: ADB = “BDC 


D 


A ¢ 
‘Il. Given: M is the midpoint of AD. 
Prove: AM = MD 
A B 
M 


Cc D 

13, Given: LO is the perpendicular bisector 
of JN. __ 
Prove: JO = ON 
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a two-column proof for each of exercises 9-14, 


10. Given: OS is the perpendicular bisector 
of PR. ve 
Prove: S is the midpoint of PR. 


NV R 
Q 
12. Given: PR1OS 


Prove: 2PLO' = “PTS 
Q 


Pp 


a 


14, Given: BD bisects AC, 
Prove: AE = EC 


identical parts. 


them on a geoboard or dot paper. 


These pictures show four different ways to divide a square into four 


How many more different ways can you find? Show at least five of 


Ls 


2A 
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3-5 Proofs: Using Postulates 
and Definitions 


IF YOU EVER NEED 
A “CONGRUENT TO" T 
CAN WHIP ONE OUT 
IN NOTHING FLAT! 


NOT BAD EH? THIS 
LITTLE SIGN MEANS 
“CONGRUENT TO” 


= 


© 1980 United Feature Syndicate, Ino 


The definitions of angle bisector, segment bisector, perpendicular bisector, 
and midpoint can be used together with the congruence postulates to prove a 
that two triangles are congruent. 
To figure out how to prove that two triangles are congruent, it often 
helps to analyze the situation by starting with what is to be proved and 
working backwards. Study this example. 


Problem: ‘To prove that two triangles are Given; AB = AD 
congruent, as indicated. AC bisects 4 BAD. B C D 
Prove: AABC = AADC 


Analysis (how someone might figure out how to do it): “I want to prove 
that AABC = AADC. I could do this by using the SSS, SAS, or ASA 
Congruence Postulates. Which one? From the given information, I know 
that AB = AD. If I could show that 71 = 42 and AC = AC, I could use 
SAS. But AC bisects 7 BAD, so 41 = /2. Also, a segment is congruent 
to itself. I can do it!” 


Proof 


Statements Reasons 


1, 1. Given 

2. 2. Given 

eh 3. Why? 

4, 4, A segment is congruent to 
itself. 


5. AABC = AADC 5, SAS Congruence Postulate 
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Think through the analysis for each proof below. Then complete the proof. 
A 


Example 1 Given: AB ~ AD — 
C is the midpoint of BD. 
Prove: AABC = AADC 


B C D 


Analysis: “Which congruence postulate should I aim for—ASA, SAS, or 
SSS? I can prove AABC = AADC if I can show that three sides of 
AABC are congruent respectively to three sides of AADC. I know from 
the ‘given’ that AB = AD. AC = AC, because a segment is congruent to 
itself. BC = CD if C is a midpoint of BD. It is! (from the ‘given.’) I can 
now write the proof.” 


Proof 


Statements Reasons 


. AB = AD 1. Given 
. Cis the midpoint of BD 2. Given A 
3. Why? 
4. A segment is congruent to 
itself. 
» AABC = AADC 5. Why? 


Example 2 Given: AC is the perpendicular bisector of BD. 

Prove: AACB = AACD E G ey 
Analysis: “I can prove AACB = AACD by using one of the congruence 
postulates. Let’s try SAS. I know that AC = AC. Since AC is the __ 

perpendicular bisector of BC, then Z ACB = ZACD and BC ~ CD. I can 

now write the proof!” 


Proof 


Statements Reasons 


. AC bisects BD. . Given 


1 
. BC = CD 2. Definition of segment bisector 
. AC | BD 3. Given 
| £ACB= ZACD 4. Why? 
. AC= AC 5. Why? 
6. 


. AACB = AACD . SAS Postulate 
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EXERCISES 


A. 


In exercises 1-4 analyze the situation and indicate which of the 
three congruence postulates (SSS, SAS, or ASA) could be used to 
prove the triangles congruent. 


1. Given: AD bisects BC. 2. Given: RT bisects / ORS. 
AB =AC RT bisects 4 OTS. 
Prove: AABD = AACD Prove: ARTO = ARTS 
A Q 
R T 
B D c Ss 
3. Given: NP_1 MO 4. Given: AE and BD bisect each other. 
NP bisects 4 MPO. Z41l= 242 
Prove: AMNP = AONP Prove: AABC = AEDC 


M 
A 
N fs 
B Cu D 
oO E 


In exercises 5-7, supply the missing statements or reasons. 


5. Given: AD DB B 
ABLDC 
Prove: ADAC = ADBC 
Cc D 
A 


1. AD = DB 1. Given 

2. AB 1 DC zee 

3. 41=22 Soe 

4.2 4. A segment is congruent to 
itself. 


5. ADAC= ADBC ae 
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D Cc 
aw 


Reasons 


6. Given: AB ~ CD 
Z1= 242 
Prove: AABC = ACDA 


Statements 


1. AB= CD 1. Given 
2 £41= 22 2. Given 
B,.? 3. A segment is congruent to 
itself. 
4. AABC= ACDA 4. ? 
M 


7. Given: XM LYZ 
XM bisects 4 YXZ. 
Prove: AXYM = AXZM 


Statements Reasons 
1. XM 1 YZ 1. Given 
2, 2. Definition of perpendicular 
lines 
3. XM bisects 2 YXZ Bi? 
4. ? 
Si2 
6. AXYM = AXZM 6. ? 


In exercises 8-17 prove that the triangles are congruent. 


8. Given: XM bisects 2 YXZ. 
Z1= 22 
Prove: AXMY = AXMZ 


x 
x M 


Zz 


10. Given: AC is the bisector of Z BAD. 
AB= AD 
Prove: ABAC = ADAC 


B 


9. Given: XM 1 YZ 


YM = MZ 
Prove: AXYM = AXZM 
x 
ve! MW Zz 


11. Given: OM ~ OP 
ON bisects MP. 
Prove: AONM = AQNP 
M 
N Q 


Ye 
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12. Given: AC bisects / DAB. 
AC bisects 2 DCB. 
Prove: AACD = AACB 


D 
4 (o) 
‘B 
14. Given: 21 = 22 
X¥= TY 
ZY=VY 
Prove: AXYZ = ATYV 
x T 
uy 
Zz Vv 


16. Given: PO SR iar. 
PR bisects SO. 
SQ bisects PR. 

Prove: APOT = ARST 


P. Ss 


Q R 


13. Given: HR | AE_ 
AH = AD 

Z 
Prove: AAHI 


R 
15. Given: 41 = 22 


LA= LE oo 
N is the midpoint of AE. © 
Prove: AABN = AEDN 


Prove: AEAS = ANYS 
; S 
E 


A we 


A hexiamond is a polygon which bounds six equilateral triangles. 


This is a hexiamond. This is not a hexiamond. 


Trace and cut six copies of this equilateral triangle from heavy 
Paper or cardboard. Experiment with your six equilateral triangles 
and discover twelve hexiamonds different in shape. Draw each of 


these twelve polygons. 


18. Given: ABCDE is a regular pentagon. 


Prove: AAEB = ACDB 


B 


Zz D 


20. Given: AB ~ AC 
AI bisects 2 BAC 
Prove: AAJB = AAIC 
A 


B C 


22. Pole YZ of a tent is placed perpendicular 
to level ground. What other conditions 
must be met to insure that sides YW and 


YX are equal in length? 


— PROBLEM SOLVING 


three triangles? 


this? 


19. 


21, 


Proofs: Using Postulates and Definitions 


Given: BF bisects 2 ABC. 
ABCDE is a regular pentagon. 
Prove: AABF = ACBF 


Given: JB = BC = 
M is midpoint of AC 
Prove: 4A= /C 


B 


109 


The picture shows 13 toothpicks arranged to 
show six triangles. Which three toothpicks can be 
removed so that the remaining toothpicks show 


Can you make a toothpick problem similar to 
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3-6 Proving Segments and 
Angles Congruent 


An ingenious geometry student (who was a 
good swimmer, but not too good) used this 
method to find the distance from the dock to 
the island: 

Pick a second point, P, on the shore. Make 
Z1= 22. Make 23= 24. Locate, by 
sight, the intersection point A of the sides of 
angles 1 and 3. Why is the distance from the 
dock to the island (DJ) the same as DA? 

To answer this question, recall the 
definition of congruent triangles (page 85). 


Cc Zz 


A BX vie 


AABC = AXYZ means these six things are true. 
AB=XY AC=XZ BC=YZ LA=ZX LB=LY L4C=ZZ 


We often prove that a pair of segments or angles are congruent by first 
proving that a pair of triangles are congruent. We can then use the 
definition of congruent triangles to conclude that the parts of the triangles 
that correspond are congruent. 

In the dock-island situation above ADAP = ADIP by the ASA Postulate. 
Since DA and DI are corresponding parts of these triangles, DA = DI. 

To prove segments or angles congruent, you often can 


1. select triangles that contain these segments (or angles); 
2. prove the triangles congruent; 


3. conclude that the desired corresponding parts of these 
triangles are congruent. 


When writing proofs, we give the following reason for Step 3. 
Corresponding Parts of Congruent Triangles are Congruent 
Abbreviation: Corresp. parts of = As are = or CPCTC 


3-6 Proving Segments and Angles Congruent 


is procedure is illustrated in the following two examples. 
————— A 
ple 1 Given: AB= AD, 41= 42 D 


Prove: BE = DE 


B Bi Cc 
sis: “I can prove BE = DE if I can find a pair of congruent 
ngles that contain these segments. AABE and AADE look promising. 
ich congruence postulate can I use to prove them congruent? Try SAS. 
T know that 41 > 42, AB = AD, and AE = AE, | can prove the 
ngles congruent and conclude that BE = DE. 


1. Given 
2. Given 
AE = AE 3. Why? 
4. AABE = AADE 4. SAS Postulate 
5, BE= DE 5. Corresp. parts of = 


As are =. 


AC and BD bisect each other. 
Z41= 22 
Prove: 43= 24 A 


Example 2. Given: 


Analysis: “43 and 4 are in AAOD and ABOC respectively, and in 
AADC and AABC respectively. From the given information it appears I 
should prove AAOD congruent to A COB. (Why?) Then I can conclude 
that 73 is congruent to 2 4.” 


Proof 
Statements Reasons 
1. AC and BD bisect each 1. Given 
other. 
2, AO = CO; OB = OD 2. Definition of segment 
bisector 
3. Zl= 42 3. Given 
4, AAOD = ACOB 4. SAS Postulate 


py Loe LA. 5. CPCTC 


a1 
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EXERCISES 
A. 


In exercises 1-5, indicate which triangles could be proven EB 
congruent to establish the indicated fact. (In some cases there 
may be more than one pair of triangles that are correct.) 


1. Prove: AB ~ AC A 2. Prove: 
F G H if 
E (Ex, 2, 3) 
| is Tad 3 Ma 
a “if 
4. Prove: AD = BC 
D c K M 
L 
A B 


In exercises 6-8 provide the missing statements and reasons. 


6. Given: 41~ £2 In ¢ 
L43= 24 
Prove: 4A = /C 
A ‘B 


Statements 


1 Z41=22 ? 
Zone 2. Given 
3. DB= DB 3. A segment is congruent to 

itself. 
4. AADB = ACBD 4.? 
§. LAS ZC Sore 

P 
7. Given: M 
NO = OP 
Prove: MO bisects 4 NMP. M ‘O 
Statements Reasons 


1. MN = MP; NO = OP ey N 
Bee 2? 

3. AMNO = AMPO 3.2 

4.2 4. CPCTC 

5. MO bisects 2 NMP. 5.2? 
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8. Given: ABCDEF is a regular hexagon. 
Prove: AC = BF 
aB D 


A B 
Statements 


Reasons 


. ABCDEF is a regular 


hexagon. 
2. AF= BC oe 
inte 3. A segment is congruent to 
itself. 
4, £FAB= 4 ABC 4.2 
5. AFAB = ACBA Sio2) 
6. ? 6. CPCTC 


For the remaining exercises, write complete two-column proofs. 


9. Given: 41 = 22 
3= 24 


11. Given: ABCDE is a regular pentagon. 12. Given: XO is the perpendicular bisector 
Prove: AADC is isosceles. of MP. 
Prove: AXMP is isosceles. 
A x 
E B 
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13. Given: 41= 42 _ 14. Given: ABCDEFGH is a regular octagon. 
D bisects CE. Prove: DF = GE a B 
2C=lE 4 

Prove: BD = DF H 
G 
ie E 
Cc D Ee 
15. In a gym one end of a volleyball net is 16. Given: 

hung from bolts secured to a wall at P = 
and M. Each point in the plane of the net N is the midpoint of AB. 
is an equal distance from the two base Prove: ACND is isosceles. 
lines AC and BD, Why is PM D C 
perpendicular to AB? 

A B 


= Activity 


Make these 12 pentominoe shapes from squares 
the size of those on a checker board. 

Six pentominoe pieces have been arranged so 
that none of the remaining six pieces will fit on 
the checker board without overlapping. Do this 
with a different collection of six pieces. 


ae i 
a 
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In exercises 17-20 you may also need to prove more than one 
pair of triangles congruent. 


17. Given: ABCDEF is a regular hexagon. 18. Given: 41 = 42, 43= 244 
Prove: 41 = 22 a, ee £45= 46, 27 
(Hint: First prove that AE = BD.) Prove: 24 = AC 
A B a 
A (e 
id Cc 
Bi 
E 'D dD FF 
19. Given: ABCDE is a regular pentagon. 20. Given: ABCDEFGH is a regular octagon. 
AG bisects 2 EAB and is the AF AB; BG LGF 
perpendicular bisector of DC. 41= 242 
Prove: ABCF = AEDF Prove: AAHI = AGHI 
A A B 
et C 
G D 
F E 


— PROBLEM SOLVING 


Show how to cut a regular hexagon into 18 
congruent kites. A kite is a quadrilateral with 
exactly two pairs of congruent adjacent sides. 
(Hint: Draw all the diagonals of the hexagon. 
Then draw six more short segments, strategically 
located.) 
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3-7 Proofs: Overlapping 
Triangles 


(eS iv 2e4 
Ue Aes 
eX 
Wa OE? 
VEZ 


A popular “puzzle problem” requests that 
you find a pair of congruent equilateral 
triangles in this figure and trace them on 
your paper. Can you solve it? 


In proofs several triangles in a figure often overlap each other, making it 
difficult to visualize the triangles that would be the most useful to prove 
congruent. Sometimes it is helpful to pictorially or mentally separate the 
triangles to aid in analyzing the proof, as indicated in the example below. 


Example 1 


Given: 


4 
Prove: EF ~ BC e 
Analysis: “I need to choose a pair of 
triangles that contain EF and BC. How about 
AEFH and ABCH? I can’t prove them 
congruent. Let’s try AEFD and ABCA! 
They are congruent because of the ASA 
postulate and I can conclude that EF ~ BC.” 


You will be asked to complete this proof as 
an exercise. 
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Example 2 
Given: 41= 46 


Prove: ABE = 4 CBD 4 6 
F a a a 
Analysis: “Overlapping triangles AABE and ACBD contain two pairs of 
congruent angles. The included sides are also congruent. I can use ASA to 
prove it.” 


A ey 185 Cc 


Sometimes it is useful to use colored pencils to outline the overlapping 
triangles. Study the following example. 


Te 
Example 3 
Given: ALJN is isosceles with JL = LN. K M 
Prove: LK=LM I W 


Analysis: “I can prove LK = LM if these segments are corresponding 
parts of congruent triangles. Let's ry ALKN and ALM]. I know that 
41= 22 and that 4 JLN is congruent to itself. Aha! I know that AJLN 
is isosceles, So the triangles are congruent by ASA. I can prove it!” 


L 


Example 4 
a K M 
Given: JK = NM, 2KJN = {MNJ 
Prove: KN = MJ 7 N 


Analysis: “KN and MJ are corresponding parts in ALKN and ALM] 
just like Example 3. But the given information is part of AKJN and 
AMNYJ. Since JN is congruent to itself, I can prove AKJN = AMNJ 
by SAS.” 
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EXERCISES 
A. 
In exercises 1 and 2 name all pairs of triangles (nonoverlapping 


and overlapping) that appear congruent. Use vertices A and B in 
one triangle and vertices C and D in the other triangle. 


A G Wek 
B. : 


3. Write a complete two-column proof for Example 1. 


4, Write a complete two-column proof for Example 3. 


For exercises 5-10 write a complete two-column proof. 


5, Given: BD = CE 6. Given: 2 DAB = / CBA 
ZABC = £ACB 
Prove: BE = 
D Cc 
A B 


= Activity 


Triangles are used in scaffolding because they 
are rigid figures. Three straws pinned together 
will hold its shape even if picked up and moved 
around. , 3 | 
Which of the frameworks do you think are ] Z | TWH 
rigid? Build models to check your answers. * ~ = 


i Dit OF Be 
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8. Given: 41 = 42, BE=EC 
4 AEC = 4 BED 
= DE 
B 
eh 


WW 


10. Given: Figure PORS with PO ~ RS, 
QP and 4 ORS are right angles. 
= RP. 


(i.e., the diagonals are congruent.) 


= 


Prove: 


R 
Ss 


PROBLEM SOLVING 


How many different triangles are there in this figure that are 
congruent to the lettered triangles below? 


AL As AD 


Do you see other types of triangles in the figure? If so, draw 
them. 
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3-8 Proofs: Chains of 
Congruences 


To write certain proofs, one pair of triangles must be proven congruent in 
order to provide the information needed to prove a second pair of triangles 
congruent. 

Study the example below and supply the missing steps. 


B 


Example Given: AB 


ED 
41=2 
aE. GG x. 
Prove: AD = CF a D F s 


Analysis: “I could prove AD = CF if I could prove AAED ~ ACEF. 
But not enough information is given to prove this. If I knew that__ a 
AE = CE, I could prove these triangles congruent by SAS. But AE and CE 
are corresponding parts of AABE and ACBE, and I can prove these 
triangles congruent. I can do it!” 


Proof 
Statements Reasons 
1. AB=C 1. Given 
2. 2. Why? 
3, 3. Why? 
4. AABE = ACBE 4. SAS postulate 
5, AE = CE 5. Why? 
6. 6. Given 
1. 7. Given 
8. ACEF 8. Why? 
oi 9, CPCTG 


Note that Steps 1-4 prove a pair of triangles congruent. Steps 5-8 use this 
first congruence to prove a second pair of triangles congruent. 


3-8 Proofs: Chains of Congruences 121 


EXERCISES 
1. Given: 41 = 22, UR bisects OS, 2. Given: ABCDEF is a regular hexagon. 
PU=TU, £PUQ= ZTUS Prove: AABD = AAFD 
Prove: AORU = ASRU & D 
ie 
U ia m 
fe) R S 


3. Given: ABCDEFGH is a regular octagon. 4. Given: / 


ZAED = 
Prove: CF 
cD 
i Be a: 2 
2 EN A 
4 B 
E Be 


6. Given: ABCDEFGH is a regular octagon. 
DH bisects 4 CDE. 


Z 


Prove: 


F 


PROBLEM SOLVING 


G 
How many ways can you spell ‘Geometry’ with the 
arrangement shown? Three ways are indicated. OE 6 
GRE Oma aG 
GEOM 


O-E-G-® 
j 

@-G-E-O MEMOEG 
I! | 

E 


G — O M-E-T EMO G 
| 
(Hint: How many ways can you spell a two-letter @—G-E-O ME TR TEMOEG 
word with a similar arrangement? A three-letter ] | 
word? A four-letter word? Find a pattern.) G — © M~E-T—R-Y-R T E M O E G 
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Important Ideas—Chapter 3 


Terms 
Congruent triangles (p. 85) 


Postulates 


SAS Congruence Postulate. If two sides and the included angle 
of one triangle are congruent respectively to two sides and the 
included angle of another triangle, then the two triangles are 
congruent. 

ASA Congruence Postulate. If two angles and the included side 
of one triangle are congruent respectively to two angles and the 
included side of another triangle, then the two triangles are 
congruent, 

SSS Congruence Postulate. If all three sides of one triangle are 
congruent respectively to all three sides of another triangle, then 
the two triangles are congruent. 


Statements 


Corresponding parts of congruent triangles are congruent. 
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Chapter 3—Review 


1, Given that ABAC = AORP, identify the corresponding sides 
and angles. 

2, In the following cases, state which congruence postulate could be 
used to prove the triangles congruent. 


eee. 
fo — 


3. In each of the following cases, draw a conclusion based on the 


given information. A 
a. Given: AB is b, Given: E is the == pe 
perpendicular midpoint of FG. 
to CD. 
— Me E G 
c. Given: BD bisects both B d. Given: ABCDE is a D c 
ZBand 2D. A (ey regular pentagon. 
E B 
ss Do A 
4. Given: MP bisects 2 OMN. Q 
MP bisects 2 OPN. 
Prove: a. AMOP= AMNP M a 
b. 40= AN . 
5. Given: AB 
Prove: 
6. Given: ZO , 
zt ar 


Prove: 
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Chapter 3—Test 
1. Use the figures to complete the statements. 
a. AABC= 2. 


b. AXYZ 


ce, AFUN = 2 


2. In the following cases, draw a conclusion based on the given 


information. 
a. Given: W is the midpoint b. Given: JIL HK 
of ¥Z and XV. 
y V if 
Ww 
H 7 
x Z 

c. Given: AC bisects 2 BAE G bisects BD 

A BD bisects AC 

A 
Ee 
Cc 5 
B é 
B E = 
ae 
A 7s 
Ss 
A 
4. Given: AD LBC ras 
D is the midpoint of BC. 
Prove: AB =A é 
B D Cc = 


E D 


Cumulative Review 
Cumulative Review (Chapters 1-3) 


1. Mark the following as true or false. 
a. Postulates are statements to be proved. 
b. A ray can contain a line. 
c. Theorems are proved using deductive reasoning. 


2. Draw a triangle ABC so that / B is obtuse. Construct a line 
through B perpendicular to AC. 


In exercises 3 and 4 classify the reasoning as inductive or deductive 
reasoning. 


3. Zl and 22 are called right angles. 
Right angles are congruent. 
Zl and £2 are congruent. 


4, ABCD is a square and has perpendicular diagonals. 
EFGH is a square and has perpendicular diagonals. 
All squares have perpendicular diagonals. 


In exercises 5 and 6 state the correct conclusion or write “no 
conclusion possible.” 


‘F If ABL CD then AB and CD determine a plane. 
AB and CD determine a plane. 
Therefore, 2. 


6. If ABCD is a square, then AB||CD. 
ABCD is a square. 
Therefore, 2. 


7. Consider the statement, 
If two lines are parallel, then they are not perpendicular. 


a, Write the converse statement. 
b, Write the inverse statement. 
c. Write the contrapositive statement. 


d. Give counterexamples for the statements which are not true. 


8. Given: AD = BC, AB = DC 9. Given: AB = AC, AD bisects 2 BAC. 
Prove: AABC = ACDA Prove: BD 
D Cc B 
D A 


A B Cc 
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Geometry Im Our World 


Architecture: Geodesic Domes 


The geodesic dome was introduced by R. Buckminster Fuller. His plans for one kind 
of dome, called a sun dome, can be found in the May 1966 issue of Popular Science. 
Domes of different sizes and shapes have been constructed from a variety of 
materials. Domes have been used as greenhouses, pool covers, and even houses. 
Shown below are a dome house in Colorado and a dome that can be set up at a 

campsite. 


Geodesic domes are made as close to portions of spheres as is practical. Two 
reasons are that the sphere encloses the greatest volume with the least surface, and 
that it is the strongest shape. 


126 


A standard type of dome is based on a solid called an icosahedron. Make an 
icosahedron model using cardboard or straws and yarn from a pattern of 20 
equilateral triangles. 


aN 
ais 


Fig, 1 Pattern for an icosahedron 


Tf the bottom five triangles are removed a 
dome-like structure results. 


Tn an actual dome structure each of the 
equilateral triangles in Fig. 2 is divided into 
smaller triangles as shown in Fig. 3. In order for 
the shape of the dome to be closer to a sphere, 
pieces used to form the triangles, called struts, are A B A 

made in unequal lengths. Type C struts are Fig. 3 Face of an icosahedron, divided into 9 triangles 
slightly longer than type B struts, and type B 

struts are slightly longer than type A struts. 


1, How many struts of type A will be needed to complete the dome in Fig. 2? 
type B? type C? 


2. In this dome, how many triangles of sides A, A, B are there? of sides B, C, C? 
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